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Fabry-Pérot background reflection.
Direct Fabry-Pérot reflections and reflectometry of an ordinary lattice
Here we comment on the broad low-reflection fringes in our dispersion measurements. The 3 µm air cavity formed between the suspended photonic crystal and the Si substrate can effectively act as a Fabry-Pérot cavity and can contribute to the measured reflected intensity of the sample. To confirm 0 max Reflected intensity 0 1 Reflectance a b c this, we analytically calculate the reflection of an aircavity between two Si surfaces. As shown in Fig. S1a , the resulting parabolic dispersion curves are comparable to what we observe in the reflection measurements shown in the main text. The position of these curves shift in frequency as a function of height of the air layer. In our sample, the height of air cavity below the suspended membrane is different at different points in the photonic crystal. We see this buckling from the color contrast in the optical micrograph as shown in Fig. S1c . This results in spectral shifting of the low-reflection fringes when we take dispersion measurements at expanded, shrunken and edge locations. In addition to the expanded and shrunken lattices, we also fabricate a photonic crystal without any symmetry breaking, i.e., triangular holes arranged in a perfect honeycomb lattice.
In such a system, there are no photonic crystal modes that can couple to the far-field: Whereas the dispersion features in principle a doubly degenerate Dirac cone when considering a six-site hexagonal unit cell, the Bloch states carry no weight in the fundamental harmonic due to the lattice symmetry. In Fig. S1b we show the measured reflected intensity for a honeycomb lattice of triangular holes. As expected, we don't see any sharp resonances in the spectra except for the background fringes from the Fabry-Pérot-like air cavity.
Orthogonal linear polarization of bulk modes
Here we observe that the bulk modes are linearly polarized with orthogonal polarizations in the far-field. They can be selectively excited with vertical and horizontal polarizations. Figure S2 shows photonic band dispersion in shrunken and expanded lattices when those are excited with light of different linear polarizations. The top panel of Fig. 1d of the main text is reproduced here as Fig. S2a , and shows the reflected light intensities as a function of the reciprocal lattice vector k y when diagonally polarized light is incident on the sample. Here the bandgap region extends from 197 THz to 208 THz. Let us have a closer look at the two bands (marked as band-1 and band-2 in the figure) directly below the gap for shrunken and expanded lattices. These are bright modes for the shrunken and dark modes for the expanded lattices. Now, if we excite the sample with horizontally polarized light, we can see that the incident light excites only one of these two modes (band-1) as shown in Fig. S2b . However, for vertically olarized incidence, it is the other mode (band-2) that is getting excited as we see in Fig. S2c . This suggests that band-1 is horizontally polarized and band-2 is vertically polarized. Thus, the two bands below the gap are linearly polarized orthogonal to each other.
We see a similar behaviour also in the bands that are located above the gap. As we see in Fig. S2a , band-3 is excited for horizontally polarized incidence. And for vertically polarized incidence, band-4 is excited as can be seen from Fig. S2c.   Fig. S1 . Fabry-Pérot background reflection. a. Analytically calculated Fabry-Pe´rot-like fringes for an air cavity between two Si layers. b. Measured dispersion for an ordinary honeycomb-like lattice for diagonally polarized incidence. c. Optical micrograph of the fabricated sample. Scalebar corresponds to 100 μm on the sample. b a n d -1 b a n d -2 band -3 b a n d -4 b a n d -1 b a n d -2 ba nd -3 b a n d -4 b a n d -1 band -3 b a n d -1 ba nd -3 b a n d -2 b a n d -4 b a n d -2 b a n d -4
Reflected Intensity 0 max Expanded Shrunken a b c Expanded Shrunken Expanded Shrunken F . S2. Dispersion of bulk modes for orthogonally polarized incidences. a-c: Far-field reflection as a function of k y /k0 at shrunken and expanded lattices excited with light that is linearly polarized along 45 • with respect tox (a), alongx (b), and alongŷ (c). The four linearly polarized bulk modes are marked as band-1 to band-4 in a.
Tight-binding model
Here we extend the tight binding model outlined in Ref.
[1] to support our experimental observations. In the existing model, the Hamiltonian of the system is calculated with a nearest neighbour approximation making a linear approximation in reciprocal lattice vectors k x and k y . The model also restricts the six-dimensional basis to a four-dimensional system. These two assumptions, however, result in the prediction of fully degenerate bulk states and gapless edge states. We expand the theory by going beyond these assumptions.
We consider a six-dimensional vector |ψ where each component represents one of the six sites in a hexagonal unit cell. We observe that in order to get results in agreement with the experimental results, it is required to include next-neighbour interaction up to third order in the model. The tight-binding Hamiltonian reads
where, for the sake of compactness, we define the auxiliary vector
and the lattice unit vectors a 1 = (a, 0) T and a 2 = a/2 (1, √ 3) T . We also designate the intra-cell coupling coefficients for first-, second-, and third-nearest neighbors as t 1 , t 2 , and t 3 , respectively. Similarly, we indicate with s 1 , s 2 , and s 3 the inter-cell coupling coefficients.
The modes in the photonic crystal are mostly TE polarized. Therefore, we assume that the six components of |ψ correspond to the field component H z at the six lattice sites. For a TE mode, the in-plane electric field components are proportional to
We assume that inside each hexagonal unit cell, the field varies mostly along the angular dimension θ, i.e., H z H z (θ) and that the variation of H z between one site and another is such that the variable can be considered continuous. Thus, moving to cylindrical coordinates, the electric field components become
so that we can write E R ∂ θ H z , whereR is the radial unit vector from the center of the unit cell.
The polarization density is proportional to the electric field: P = χE. We are interested in the total dipole moment inside the unit cell p = cell dr P(r) (S5) ig e ik·a2 +e ik·(a2−a1) , e −ik·a1 +e ik·(a2−a1) ,
By partial integration, this becomes
whereθ is the unit vector along the azimuthal direction. Now we can go back to the discretized system and replace the integral over θ with the sum over the six sites of the hexagon. In this way, we obtain the following estimation for the total dipole moment inside the unit cell
whereθ i is the azimuthal unit vector of the i site in the unit cell, assuming the origin at the center of the hexagon. In practice,θ i = (− sin[(i − 1)π/3], cos[(i − 1)π/3]) T , with i = 1, . . . , 6. We fitted the parameters t 1 , t 2 , t 3 and s 1 , s 2 , s 3 of the Hamiltonian to reproduce the bandstructure calculated with the finite-element method for both the expanded and the reduced crystals. In Fig. S3 , we compare the FEM results with the tight-binding method. We observe that including higherorder-interaction terms into the tight-binding Hamiltonian is essential for correctly reproducing the splitting of the bands away from the Γ point. Moreover, the dipole moment calculated from Eq. (S8) confirms that the bulk modes are linearly polarized in the far field, in full agreement with our experiment.
We can also use the tight-binding model to calculate the edge states. In order to do so, we consider the following system: two regions of space, A and B, separated by an edge at x = 0. In regions A and B we have the shrunken and expanded crystals with the Hamiltonians H A and H B , respectively. Both Hamiltonians have the form in Eq. (S1), but each with a different set of parameters. Each Hamiltonian is a function of k x and k y . Since the model is still translation-invariant along y, k y is conserved. However, k x is not conserved and, therefore, needs to be replaced with a corresponding differential operator, according to the substitution k x = −i∂ x . For simplicity, we expand both Hamiltonians H A (k x , k y ) and H B (k x , k y ) to first order in Taylor series
For the edge states, we consider only the frequencies inside the bandgap of the bulk modes. Therefore, there are no propagating solutions for the Schrödinger equation of the Hamiltonians H A and H B . However, there are evanescent solutions, which are defined by the (generalized) eigenvalue problems for k x = iδ (A) and k x = iδ (B) in the two regions separately
Here, the index m runs over the different eigenvalues and eigenvectors of the two equations. These eigenvalue equations imply that the solutions of the Schrödinger equation for |ψ can be written as
in region A (say, x < 0), and
in region B (x > 0). In both cases, α (A,B) m are expansion coefficients.
In order to find the frequencies of the edge states, we have to enforce a continuity condition at the point
Using the previous assumptions, we can approximate the total dipole moment as follows:
Eq. (S8), we can compute the local cell-averaged dipole moment, p(x). Finally, the total dipole moment of the edge state is calculated by integrating along x, i.e.
The frequencies of the edge states calculated with this method and the S 3 parameter derived from the corresponding total dipole moments are shown in Fig. 2d in the main text.
Polarization tomography of edge states For the sake of completeness, we show the full polarization tomography of the edge states for horizontally and vertically polarized incidences in Fig. S4 . Figure S4 shows the measured Stokes parameter S 0 , intensity of the polarized component in the reflected signal I p = S 2 1 + S 2 2 + S 2 3 , and normalized values S 1 , S 2 and S 3 (normalized to the maximum value of polarized component I p as mentioned in Methods). Figure S5a and b show schematic representations of the collection area at the sample in real space without and with the spatial filter respectively.
Spatial filtering
For polarimetry measurements on the edge, the collection area was modified by putting a block at the center of the slit as shown in Fig. S5c . Sample design parameters Figure S6 shows different geometric parameters of the simulated system as explained in Methods. This condition leads to the characteristic equation for the determinant of a 6 × 6 matrix, which we solve numerically. The solutions of the characteristic equation correspond to the frequencies of the edge states for a given value of k y .
Moreover, from the coefficients α (A) m and α (B) m we can reconstruct the profile of the edge state along the x axis. Using
